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The dual interpolation boundary face method with Hermite-type moving-least-squares approximation (DiBFM-
HMLS), presented recently, has certain advantages in simulating the discontinuous fields. Based on the DiBFM-
HMLS and the matrix condensation technique, we proposed a multi-domain method for 3D elasticity problems in
this paper. This method ensures an accurate interpolation for the multi-domain models with short edges or small
chamfers. In the multi-domain DiBFM-HMLS, the virtual points in each subdomain, not as collocation points in

the boundary integral equation (BIE), are eliminated by the HMLS approximation separately. Then, only the
interfacial source points are reserved by the matrix condensation technique. The node-to-node interfacial con-
dition in previous research is unemployed; instead of the former, a node-to-element format is constructed based
on the moving-least-squares approximation (MLS). This mapping scheme possesses the potential for free mesh in
the interface. Several numerical examples are used to reflect these advantages mentioned above.

1. Introduction

Multi-domain boundary element method (MDBEM) is proven to be
an excellent method [1-4] in promoting the computational efficiency of
the single-domain boundary element method (SDBEM). MDBEM refers
to a tearing and interconnecting routine in which the targeted domain is
divided into subdomains, and then equilibrium and continuum condi-
tions are enforced to couple subdomains. In recent decades, MDBEM has
received significant development. To obtain a more favorable linear
system, some methods based on Galerkin discretization (e.g., Chen,
Tianzhi et al. [5], Layton et al. [6], and Kallivokas et al. [7]) were
proposed to form a partial or complete symmetric coefficient matrix,
which provided convenience for condensation or direct solution. After
that, a set of studies on multi-domain problems with the fast multipole
method (FMM) were implemented to accelerate the solution and reduce
the computational complexity (e.g., U. Langer et al. [8], G. OF et al. [9],
Huang et al. [10], and Zhang et al. [11]). Besides the FMM, the
multi-domain methods based on the fast iterative linear least square
technique [12-14] emerged as a parallel method with its FMM coun-
terparts. Moreover, other efforts were devoted to reducing the ultimate
linear systems by the matrix condensation technique (e.g., Gao et al.
[15], Peng et al. [16], and Zheng et al. [17]). These researches
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circumvented the discontinuity (e.g., tractions or flux) at the geometric
corner by resorting to the nonconforming elements. Nevertheless,
inaccurate interpolation or hyper-singular integral will be brought into
the analysis for geometric structures with short edges or small chamfers.

In order to tackle the problems at the geometric and physical corners,
Zhang et al. [18-20] developed the dual interpolation boundary face
method with the moving least-squares approximation (DiBFM-MLS).
The dual interpolation elements in DiBFM-MLS (see Fig. 1(d)) cover the
deficiencies of the conforming (see Fig. 1(a) and (b)) and nonconforming
elements (see Fig. 1(c)) in treating the discontinuous fields. The virtual
points in dual interpolation elements are not regarded as collocation
points in BIE; thus, to obtain solvable linear equations, the relationship
matrices constructed by MLS are used to condense these points. Unfor-
tunately, the interpolation functions of MLS are built on the parametric
coordinates, making them unfit for structures with small feature sizes.
To obtain an accurate interpolation in geometric structures with short
edges or small chamfers, recently, we proposed a dual interpolation
boundary face method with Hermite-type moving-least-squares
approximation (DiBFM-HMLS) [21,22]. In this method, the normal
equations are established on the Cartesian coordinate rather than the
parameter space, which guarantees an accurate interpolation of the
physical variables in the small feature sizes.
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Fig. 1. Quadratic elements: (a) continuous elements, (b) continuous elements with multiple-node method, (c) discontinuous elements, and (d) dual interpola-

tion elements.

Fig. 2. A 3D elastic domainQwith interface.
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Fig. 3. 3D Multi-domain model.
Based on the above advantages, a multi-domain method combining

the DiBFM-HMLS and the matrix condensation technique is addressed
for 3D elasticity problems. The DiBFM-HMLS is employed to discretize
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Fig. 4. Model for bar (a) single domain and (b) multi-domain.

the BIE of each subdomain, and the matrix condensation technique
[15-17] is used to obtain the linear equations concerning the interfacial
source points. Compared with its reduction counterparts, the
blocked-sparse coefficient matrix is still available, and the corner
problem can be dealt with by DiBFM-HMLS naturally. Furthermore, the
node-to-node interfacial condition is dismissed; and a node-to-element
projective format, building on the MLS approximation [18-20], is pre-
sent; this mapping scheme can provide convenience for free meshing in
contact problems.

An outline of the paper is to proceed as follows: a brief review of the
BEM for elasticity problem and the discretization of BIE by DiBFM-HMLS
are stated in Section 2. The proposed multi-domain method based on
DiBFM-HMLS is presented in Section 3. Several example applications are
illustrated in Section 4 to verify our multi-domain algorithm. Some
conclusions and discussions on deficiency and future development are
drawn in Section 5.
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Table 1
Relative error and CPU time of single-domain method and multi-domain method.
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Multi-domain DiBFM

Single-domain DiBFM

NE NS Err_Mises time(s) NE NS Err_Mises time(s)
1920 1920 8.50E-07 391 1854 1854 1.80E-06 324
3000 3000 7.20E-07 667 3072 3072 2.50E-07 924
5070 5070 9.90E-08 1506 5070 5070 2.40E-07 2760
12,000 12,000 3.70E-08 9972 10,736 10,736 1.80E-07 13,542
system, P represents the source point, Q denotes the field point, coeffi-
4.2 cient ¢ig(P) = 1/28;; when P locate on the smooth surface, andUy; (P, Q)
1 — o DiBEM A andTy; (P, Q) are the fundamental solutions [23] which are the response
4.0 4 A . . . . . . .
] —A— Multi-DiBFM /L in Q along with 1-th direction when a unite load acts on P in k-th di-
3.8 1 Ny rection. For 3D elasticity problems with plane strain case,Uy(P,Q)
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Fig. 5. Comparison of the computational efficiency between single-domain
DiBFM and multi-domain DiBFM.
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Fig. 6. Comparison of Von-Mises stress along with line AB.

2. DiBFM-HMLS for 3D elasticity problems
2.1. Boundary integral equation

For 3D elastic domain Q (see Fig. 2) with boundary I' (' =T + ', [
is the interface with the other domain. The boundary integral equation
(BIE) can be written as:
cu(P)u(P) = [ U(P.0u(Q)ar Q)

T
- 1P 0u(@ur(©) (ki=1.2.3), M
r

in which k, [ are the direction components in the Cartesian coordinate
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andTy; (P, Q) are given by:

UZI(P7 0) = m [(3 — 4I/)5k, +ri(P, Q)r',(P7 Q)]’ @)
or(P,0Q) 3 . .
T:(P.0) = 1 n(0) [(1-20)8+3r4(P,Q)r:(P,0Q)]

=S (9P P.0) )
TP EON 4 o) (14 (.0 — (PO (0)

3)
where r(P, Q) is the distance between points P and Q, p and v are the
shear modulus and the Poisson’s ratio, respectively.S= { %)’ II: ;ll is the

Kronecker delta. ny and nj are the component of the unit outward normal
n, respectively.

2.2. Discretization of the BIE

Different from the conventional boundary element method (CBIE), in
DiBFM, the BIE is discretized by dual interpolation elements, and the
discretization form of Eq. (1) is given by

NE [ na np
> {th‘; (P ) (0a) + 15 (P Q;;)u;'(Qﬁ)} -
p=1

e=1 | a=1

NE np

Z{Zg:;‘(P:;,,Q;)t?(Qa) +Zgzy(P;,,,Q;)t;'(Qﬂ)} m=1.2,..NS,
a=1 =1

e=1

(@]
with
1
(P @) = [ Ti(Pa, ON(QUIQ) + 00T, )
r.
(P 0) = [ T (Pa ON(QUI(Q) ©)
(P ©) = [ Uy(P ON:(QUI.(Q), @
r.
(20 0) = [ Uy(Pa QN(Q Q) ®
and
& = { (1)7 if the m™ source node is the @™ source node in e element 7 )

where NE, na, and ng are the numbers of elements, source nodes, and
virtual nodes.uj(Q,) andt;(Q,) are the displacement and the traction
along with 1-th direction of the a-th source point in e-th dual interpola-
tion element.u;(Q;) andt}(Qp) are the displacement and the traction of
the §-th virtual point in the same element.N; (Q) andNj(Q) represents the
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Fig. 7. Model for thin plate (a) single domain and (b) multi-domain.
Table 2
Relative error and CPU time of single-domain method and multi-domain method.
Multi-domain DiBFM Single-domain DiBFM
NE NS Err Mises time(s) NE NS Err Mises time(s)
1524 1524 1.80E-04 281 1532 1532 1.60E-05 245
3120 3120 7.50E-05 797 3112 3112 8.41E-06 997
4770 4770 5.23E-05 1860 4772 4772 4.20E-06 2362
11,274 11,274 3.80E-05 3980 10,722 10,722 3.60E-06 13,606
4.2 N 850
4.0 4 ] T
o DiBFM 800 o DiBPIM
1 . S 1 —4— Multi-DiBFM
3.8 - —A— Multi-DiBFM g
1 750 - Exact
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Fig. 8. Comparison of the computational efficiency between single-domain
DiBFM and multi-domain DiBFM.

shape function of the a-th source point and the g-th virtual point in a dual
interpolation element.

Eq. (4) can be written as an index form:
Hijuj -+ Hjju) = Gt +

ot (10)

where k, [ = 1, 2, 3.uj,u},t}, andt] are displacement and traction vectors
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Fig. 9. Comparison of Von-Mises stress along with line AB.

along with 1-th direction corresponding to source points and virtual
points.Hj(3NS x 3NS),G};(3NS x 3NS),Hj}(3NS x3NV), andG{}(3NS x
3NV) are coefficient matrices (NS and NV are the number of source and
virtual points respectively) corresponding touj,t;,u;, andt;. Here,Hj]
andGj] are not square anymore because the virtual points are not
regarded as collocation points in BIE.



P. Chai et al.

Engineering Analysis with Boundary Elements 143 (2022) 568-578

(b)

2.3. Condensation of degrees of freedom of virtual nodes

To get a solvable system of linear equations, the second layer inter-
polation by HMLS is used to condense the virtual points.uj andt; are
separated into different parts according to the boundary conditions,
which can be written as the following form:

w, =’ +u,, an
=1 +1, 12)

—yp 7 ~vpr 7V .
a4, andd,’,t, , are the known and unknown vectors of the virtual

(©

Fig. 10. Model for cantilever slab (a) single domain (b) multi-domain, and (c) boundary conditions.
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nodes. The unknown variablesu," and't\:r can be approximated by HMLS
as follows:

= oy, u 4 @)t a3
7 =@, u + )t 14
where®,, @, @, and®;, are shape function matrices [22] ob-

tained by the HMLS approximation.
According to Egs. (11)-(14) and the boundary conditions, the matrix
form of Eq. (10) can be obtained by
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Table 3
Von-Mises and CPU time of multi-domain method, single domain method, and
FEM.

Multi-domain NE 7368 9254 11,644 14,973
DiBFM NS 7368 9254 11,644 14,973
Max_Mises 448.08 532.83 568.87  574.02
(Mpa)
time(s) 2747 5808 9076 20,302
Single-domain NE 7552 9121 11,215 14,706
DiBFM NS 7552 9121 11,215 14,706
Max Mises 713.68 589.74 573.62  586.42
(Mpa)
time(s) 5742 8542 13,186 23,588
FEM NE 17,661 47,312 208,078  1075,194
NN 30,605 78,517 316,981 725,942
Max_Mises 550.9  567.9  592.7 572.2
(Mpa)
4.4 N
4.3 —O— DIBFM s
42 —4— Multi-DiBFM _
4.1 4 " ’ ///
4.0 ~ g
- i 7 A/
o) e} _
g 3.9 4 - -
s g - —
2 3.8 - _
3.7 4 7 /A
3.6 /
3.5 //
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3.4 4
——1
3.85 3.90 3.95 4.00 4.05 4.10 415 420
log(NS)

Fig. 11. Comparison of the computational efficiency between single-domain
DiBFM and multi-domain DiBFM.
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Fig. 12. Comparison of Von-Mises stress along with line AB.
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sp
<=SBSB = SBSI 2 SBSI X[ ——SBSB  ~=SBVB —sp

K H, Gy s || My My X (15)
—~51Sp A S18] -~ SIS 1 | x355B IASIVB - )
M, H, Gy Ind M, My X

1
in which,x* andx]” are the known variables corresponding to the source
and virtual nodes on the boundary along with the i-th direction,

~sp

. S, . .
andX’,u}', andt;'are unknown variables on boundary and interface.

1 XA TSS ~SS . . . .
WhileM,;,Hy;, andGy,; are the coefficient matrices corresponding to the

55 ~ ~ 55
known variables, andel,Hfl, andGy; correspond to unknown parts.
For Dirichlet boundary condition:

—ss —gs =SS S

e e o 0o
M, =- (le +Gu®;, — H.qu)ulkl,>7
and Neumman boundary condition:

Mkl = é.k.“ Mkl =-Gy, a”
M, = Hy + Hy®,;, — G@;,,

3. Multi-domain method based on DiBFM-HMLS

Assuming that an elastic domain Q is surrounded by boundary '=0Q,
and the single domain is decomposed into N non-overlapping sub-
domains Q;(i = 1,2...N, see Fig. 3), and the boundary is split into several
pieces I'=0Q;(i = 1,2...N). I'; consists of the boundary partI's, and the
interface partl;(i # j, j = 1,2---N), respectively.

3.1. Condensation of degrees of freedom on the boundary

The BIE and its discretization form (Eq. (15)) are constructed for
each subdomain Q;(i = 1,2...N) in MDBEM.

~58;
—~5B; 5B, 5B S ~ 5B, S, X — —sp.v,
M, " H" -G ! M M =

kl g Uy nwn ﬁ STjj _ kl kl 1

) ~ A~ S ] —s..V, _vg, (>

M\:’” SB; H:,U. St - G S13j S1jj M:"J SB; MSI,, VB; XLB,

ki wewy 1t /t\v’u Kl Kkt 4

1

(18)

The condensation technique [15] is used to eliminate the degrees of
freedom on the boundary in Eq. (18). A system of linear equations
concerning unknown interfacial variables of source points can be given
as

81315 71, =7

Sty Stij ~STj; ij i ij
Auiy' 0" = Ay "t =D, 19)
where
SIS ~ SB. S| ~S1.. 5B, ,—~SB.SB. \ —| ~5B.5]
Sl 51 i *Bi i 5B; i S1jj
Ay _Huku, -M,, (Mkl ) Huw, )
SI. ST, A~ S S] 5], 5B, ,=~SB;SB. \ —1 A~ SB.SI.
AL i¥1ij ij¥Bi i 58; i S1jj
Ay = lell -My (Mkl ) - le ’
im' SIS, 5B, S, 1 i’ml
51 —S1..SB. ~=SI.. VB, 1 NA LB (N tBiSBi\ T [wASBiSB; WA VB; 1
L/ — gl i i) d — 9 i i
bk - [M;dj Mk[, } —VB; Mk/ (Mkl ) [Mkl ' Mkl ' ] <VB; ’
X X,
(20)
. SIi].SIU—l
multiply Eq. (19) byA,; , we can get
St St St S, Si; . . . .
Al‘k;ﬁ,ulj 7tlj :bk,7 (12132"'N7]:172"’N7 l#])a (21)

the same derivation processes for other subdomain Q, (m <n,m#1i,n #
i) are repeated.

3.2. Assemble of the coefficient matrix for interface

Additional conditions for unknown variables on the interfaces are
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Fig. 13. Contour plots for displacement (a) single-domain DiBFM with 14,706 source nodes, (b) multi-domain DiBFM with 14,973 source nodes, and (c) FEM with
1075,194 nodes.
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Fig. 14. Contour plots for Von-Mises (a) single-domain DiBFM with 14,706 source nodes, (b) multi-domain DiBFM with 14,973 source nodes, and (c) FEM with
1075,194 nodes.

?40 1285

Fig. 15. Model for thin plate (a) single domain (b) multi-domain, and (c) geometric dimension.

required to bond adjacent subdomains. The node-element constraints on
interface pairl; — Ijfor elasticity problem are given by

s S sv o Vi
Flu’ﬂ F’vlﬂuk ’ (22)
t = —F), 6 —F), ¢ (23)
= "% L%
sS NS DIV N 14 Vs
Iyl — NIrjlji’ FIi/I/i - N’i/I/iG)IJJ/i’ @9

whereFy, andFj, are projection matrices from interface I to interface

| - . : Ii. On the contrary,F} Iﬁ 5 andF}j‘i’lij are matrices from Ij; t°1u-N1,.j1ﬁ andNIijlﬁ are

matrices consisting of shape functions of the dual interpolation elements
Fig. 16. Boundary condition for nozzle cap nut.
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Table 4
Von-Mises and CPU time of multi-domain method, single domain method, and
FEM.
Multi-domain NE 6788 9472 11,777 13,614
DiBFM NS 6788 9472 11,777 13,614
Max_Mises 2.59 3.10 2.98 3.01
(Mpa)
time(s) 1672 3798 6950 18,493
Single-domain NE 6780 9473 11,534 13,416
DiBFM NS 6780 9473 11,534 13,416
Max_Mises 2.99 2.95 3.11 3.15
(Mpa)
time(s) 9069 15,263 18,382 26,274
FEM NE 74,285 119,049 190,324 825,148
NN 119,027 185,612 292,536 120,6467
Max_Mises 3.11 3.12 3.19 3.20
(Mpa)
45
4.4 ) o
1 —o—DiBFM
4391  —A— Mult-DIBFM o A
4.2 o //
41 ] _— y
404 ) _— //
_ 39 J/
2 38] e
% 3.7 ] e
S . ~
3.6 4 A//
3.5 _—
3.4] -
] _—
3.3 _
32d &
3.1 -—
3.80 3.85 3.90 3.95 4.00 4.05 410 415
log(NS)

Fig. 17. Comparison of the computational efficiency between single-domain
DiBFM and multi-domain DiBFM.
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Fig. 18. Comparison of Von-Mises stress along with line AB.
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VS

on interfacelj;. Lol is the relationship matrix between virtual points and

source points obtained by MLS approximation.

Based on Egs. (22)-(24), the unknown traction in Eq. (21) can be
eliminated. Then a system of linear equations concerning unknown
interfacial displacements is given by

ST ST P’ 55

Al?l” S Ay u,’ b,
. . — : 2
A;’[:V:l.\’x’f/ AL;N—].;’SI.‘Vle ﬁ‘l"N—lN Sz"\.’*"’v ’ ( 5)
where
bfl,, bil,', + F;jlﬂ bi’jl
= : (26)
b»;;l,v—]N bi’N—lN +F;;71NINN7I i’.qu

Hereafter, symbol M; denotes the master interface (i.e. Ij;,(i < j)) in
domain Q;, and S; denotes the slave interface (i.e. Ij;,(i < j)) in domain ;.
The assembly of the interfacial coefficient matrix follows the rules below

rulel: when Q=%; and M;=M;

Su; Su, Sut; S

Ss. S
Ay =Ay + F;;ZS,Ale’ " FA;;VMN 27)
rule2: when Q; # Q;
i) M;, M; belong to the same subdomain
SM. S, —SM; SM,
A/:' Y= Kl J (28)
ii) M Sj belong to the same subdomain
Su; Sut; —SM; 5S; 55
A=A, F,, (29)
iii) S M; belong to the same subdomain
SM, S o TIsSm,
AL =Frg Ay (30)
iv) S; Sj belong to the same subdomain
ASMI Su; S N S8
Kl = FM,»S( Ay FSfM,’ (31

if there are no interfaces between two subdomains, the relevant parts are
zero blocks in the interface coefficient matrix.

4. Numerical examples

Our research achievement in 3D elasticity multi-domain problems
will be illustrated from different aspects in the following contents. The
accuracy and convergence of the proposed method will be validated by
the quadratic and cube polynomial solution, and the real-life examples
will demonstrate the excellent performance of the new method in
dealing with structures with thin or small feature sizes.

Error estimation and convergence are measured by the formula:

(32)

where |v(e)|max is the maximum value of the exact displacement u or
traction t over M sample points, and superscripts e and n denote the
exact and numerical solutions, respectively.
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Fig. 19. Contour plots for displacement (a) single-domain DiBFM with 13,416 source nodes, (b) multi-domain DiBFM with 13,614 source nodes, and (c) FEM with

825,148 nodes.
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Fig. 20. Contour plots for Von-Mises (a) single-domain DiBFM with 13,416 source nodes, (b) multi-domain DiBFM with 13,614 source nodes, and (c) FEM with

825,148 nodes.

Unless otherwise mentioned,tandurepresent the prescribed traction
and displacement in the following examples. “Err Mises,” and “time”
denote the relative errors for Von-Mises stress and CPU time. “Max_-
Mises” is the max Von-Mises stress. “NE,” “NS,” and “NN” represent the
number of elements, source points, and nodes of FEM. “DiBFM,” “Multi-
DiBFM,” and “FEM” in figures represent the single-domain method,
multi-domain method, and FEM, respectively.

4.1. Bar

In order to demonstrate the accuracy and convergence of the pro-
posed method, a bar with 5 subdomains (see Fig. 4(b)) is tested in a
quadratic analytical field problem. The geometric dimension is shown in
Fig. 4(a). Displacement boundary condition (see Eq. (33) is specified on
all boundary faces besides the interfaces. The analytical solution is given
by:

Uy = —2x + 3% +3x3
Uy =33 — 222+ 34 .
Us = 3x7 +3x; — 223

(33)

In this example, a node-to-element mapping scheme is implemented
to build the relationship of the physical variables between the interface
pair. The plane strain case with Young’s modulus E = 1.0Mpaand
Poisson’s ratio v=0.25 is considered here. The dual interpolation con-
stant element is used to approximate the physical variables. The relative
errors of Von-Mises stress calculated by multi-domain DiBFM and single-
domain DiBFM are listed in Table 1; from this table, we can note that the
numerical results by two methods convergence towards exact solution
gradually with the increasing number of source points and the accuracy
of the new multi-domain method can be guaranteed as well. A com-
parison of the computational efficiency between the multi-domain
DiBFM and the single-domain DiBFM is shown in Fig. 5; the line chart
demonstrates that our method is more efficient than the single one. The
graphic in Fig. 6 depicts the distribution of the Von-Mises stress along
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with line AB when using the single-domain DiBFM with 10,736 source
nodes and the multi-domain DiBFM with 12,000 source nodes; it in-
dicates that both numerical results have a good agreement with the
exact solution. The obtained numerical results in this example give a
sufficient illustration of the accuracy and convergence of the proposed
multi-domain algorithm.

4.2. Thin plate

To study the ability of the proposed method in coping with structures
with thin walls, and testify the accuracy and convergence of our algo-
rithm in solving the high-order analytical field problem, a thin plate
subdivided into 9 subdomains (see Fig. 7(b)) is employed in this
example. The geometric parameters are shown in Fig. 7(a), and the
width-to-thickness ratio of this structure is just about 1.1%.

Dirichlet boundary conditions are imposed on the outer surfaces
except the interface. The high-order analytical solution is given by:

U, = x; 7x§ —3(x — x3)x

U, = xg 7xf —3(x; —x; )x%7 (34)

Young’s modulus E = 1.0Mpaand Poisson’s ratio v=0.25 are defined
for the plane strain problem, assuming that the material is continuous
and isotropic for all subdomains. The node-to-element mapping scheme
is adopted once again. The dual interpolation constant element is
employed in the discretization of the BIE.

The relative errors and CPU time obtained by the single-domain
method and the multi-domain method are listed in Table 2, and the
contrast of the computational efficiency is shown in Fig. 8; the infor-
mation above denotes that the numerical results tend to be exact solu-
tion gradually with the increasing number of source points. Although
the accuracy of the new method is a little lower than the single one, the
convergence is still satisfied. Fig. 9 gives the comparison of the Von-
Mises stress, calculated by multi-domain DiBFM with 10,722 source
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points and the single-domain DiBFM with 10,722 source points, with the
exact solution along with line AB. Those charts provide more proof for
the accuracy of the addressed algorithm. From the given results, we can
conclude that the current approach is available in geometric structures
with thin walls and can ensure accuracy and convergence in simulating
higher-order analytical field problems.

4.3. Cantilever slab

To investigate the capability of our multi-domain method in dealing
with the real-life problem, a cantilever slab subdivided into 4 sub-
domains (see Fig. 10(b)) is employed in this section. The geometric size
can be seen in Fig. 10(a). The displacement boundary conditioni;
=0,(i=1,2,3) is imposed on the left-hand face of the block, and the
traction boundary condition P = 1.0 Mpa is prescribed on the cantilever
end, which can be seen in Fig. 10(c). Plane strain case with Young’s
modulus E = 2.0E10°Mpa and Poisson’s ratio v=0.25 is assumed here,
and the dual interpolation constant element is adopted as well.

A control group including the single-domain DiBFM method, the
multi-domain DiBFM method, and the FEM is set to illustrate the
convergence and the efficiency of our method, as in Table 3. Apparently,
our method is convergent with the increasing number of source points,
and it takes less time than the single-domain DiBFM. Simultaneously,
this feature on time-saving can also be reflected through the line chart in
Fig. 11; thus, the computational efficiency of our method is remarkable.
The numerical results of the Von-Mises stress along with line AB,
calculated by the single-domain DiBFM with 14,706 source nodes, the
multi-domain DiBFM with 14,973 source nodes, and FEM with 1075,194
nodes, are depicted in Fig. 12; apparently, there is a common tendency
in stress distribution. Figs. 13 and 14 plot the numerical results for
displacement and Von-Mises stress by the three methods mentioned
above. The difference of the max Von-Mises between our method and
FEM is just 0.4%, and the stress concentration in the small feature size
can also be simulated perfectly; therefore, the reliability and excellent
performance of our multi-domain algorithm can be demonstrated.

4.4. Nogzzle cap nut

For more convincing evidence on the robustness of our software
package in solving complicated structures, a nozzle cap nut with 4
subdomains (see Fig. 15(a) and (b)) is used for the checking purpose in
this example. The geometric size is dimensioned in Fig. 15(c). The
assignment of the displacement and traction boundary condition can be
seen in Fig. 16, in which the inner cylinder face is fixed, and the pressure
P = 1.0Mpa acts on the interior of the nozzle cap nut. Plane strain case
with Young’s modulus E = 2.0E10°Mpa and Poisson’s ratio v=0.25 is
considered once again, and the dual interpolation constant element is
used in the discrete process.

Numerical results of the Von-Mises stress and the CPU consumption,
calculated by multi-domain DiBFM, single-domain DiBFM, and FEM, are
recorded in Table 4. It is not difficult to find that the numerical results
calculated by our multi-domain are convergent with the increasing
number of source points, and the difference of the max Von-Mises be-
tween our method and FEM is just 3%. The Line chart in Fig. 17 reflects
the contrast of the computational efficiency between the multi-domain
DiBFM and the single-domain DiBFM. This figure can demonstrate
that our method is capable of promoting computational efficiency in
solving complicated structures. Fig. 18 gives the value of the Von-Mises
stress along with line AB when using the single-domain DiBFM with
13,416 source nodes, the multi-domain DiBFM with 13,614 source
nodes, and FEM with 825,148 nodes. The counterplot in Figs. 19 and 20
shows the distribution of displacement and Von-Mises stress, and they
further demonstrate the reliability and robustness of our multi-domain
algorithm.
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5. Conclusions and discussions

In this paper, the DiBFM-HMLS combines with the matrix conden-
sation technique to derive multi-domain formulas. Since the introduc-
tion of the DiBFM-HMLS, it is unnecessary to resort to other tools to cope
with corner problems in each subdomain. A point-to-element interpo-
lation has been constructed by MLS instead of the conventional node-to-
node one. This mapping scheme provides convenience for free meshing
in the interface groups. The assembly rules of the overall coefficient
matrix concerning interfacial unknowns have been summarized as
general cases according to the location of the subdomain. The multi-
domain DiBFM-HMLS is more prominent in computational efficiency
than the single-domain DiBFM-HMLS due to the blocked-sparse and the
banded interfacial coefficient matrix. Numerical examples with the
short edge or small chamfers have been given to illustrate these supe-
riorities of the multi-domain DiBFM-HMLS.

Due to lacking of fast algorithm, the CPU consumption is also a
challenge for current method to deal with large-scale problems (e.g.
million degrees of freedom). Simultaneously, parallel computing is an
existing issue for the multi-domain DiBFM-HMLS in the integral and
mesh division. In future work, we will develop this method by supple-
menting the fast algorithm and parallel computing algorithm for contact
problems, and the goal will come true soon. Another implementation of
the demonstrated method to the 3D multi-domain contact problem is in
progress.
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